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Four-dimensional double singular oscillator
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Artsakh State University, Stepanakert and Yerevan State University, Yerevan, Armenia
Abstract
The Schro¨dinger equation for the four-dimensional double singular oscillator is separable in Eule-
rian, doble polar and spheroidal coordinates in IR4. It is shown that the coefficients for the expansion
of double polar basis in terms of the Eulerian basis can be expressed through the Clebsch-Gordan
coefficients of the group SU(2) analytically continued to real values of their arguments. The coeffi-
cients for the expansions of the spheroidal basis in terms of the Eulerian and double polar bases are
proved to satisfy three-term recursion relations.
1 Introduction
The Schro¨dinger equation for a four-dimensional double singular oscillator has the form [1]
Hˆψ = −
h¯2
2µ
∂2ψ
∂u2i
+
(
µω2u2
2
+
c1
u20 + u
2
1
+
c2
u22 + u
2
3
)
ψ = Eψ, (1)
where ui (i = 0, 1, 2, 3) are Cartesian coordinates of the space IR
4 and c1 and c2 nonnegative constants.
In our paper [1] it is shown that the four-dimensional double singular oscillator and generakized
MIC-Kepler problem decribed by the Schro¨dinger equation [2]
1
2µ
(
−i∇
e
c
sA
)2
ψ +
[
h¯2s2
2µr2
−
2
r
+
λ1
r(r + z)
+
λ2
r(r − z)
]
ψ = ǫψ, (2)
are dual. Here the vector potential A corresponds to the Dirac monopole with the magnetic charge
g = h¯cs/e (s = 0,±1/2,±1, . . .) and has the form
A =
1
r(r − z)
(y,−x, 0), and rotA =
r
r3
.
The transformation of duality is the generalization version of the so-called Kustaanheimo-Stiefel trans-
formation
x+ iy = 2 (u0 + iu1) (u2 + iu3) ,
z = u20 + u
2
1 − u
2
2 − u
2
3 (3)
γ =
i
2
ln
(u0 − iu1) (u2 + iu3)
(u0 + iu1) (u2 − iu3)
supplemented with the ansatz s → −i∂/∂γ. We also noted, that the parameters of these systems are
connected with each other by the relations:
E = 4e2, ǫ = −
µω2
8
, ca = 2λa, where a = 1, 2.
The first two lines of (3) are the transformation IR4 → IR3 suggested by Kustaanheimo and Stiefel for
regularization of the equations of the celestial mechanics [3]. Later, this transformation found other
applications as well [4, 5]. The generalized Kustaanheimo-Stiefel transformation (3) (the Kustaanheimo-
Stiefel transformation supplemented with the angle γ) was used for ”synthesis” of the charge-dyon system
from the four-dimensional isotropic oscillator [6].
It should be noted that equation (2) for λa = 0 and s 6= 0 reduces tj the Schro¨dinger equation for
the MIC-Kepler system [7, 8]. At s = 0, the Schro¨dinger equation (2) is reduced to the Schro¨dinger
equation for the generalized Kepler-Coulomb system [9]. In the case when s = 0 and λ1 = λ2 6= 0,
Eq. (2) reduces to the system suggested by Hartmann, at was used for explanation of the spectrum of
the benzene molecule [10, 11, 12].
1
2 Eulerian and Double Polar Bases
Determine the Eulerian coordinates in IR4 as follows:
u0 + iu1 = u cos
β
2
ei
α+γ
2 , u2 + iu3 = u sin
β
2
ei
α−γ
2 , (4)
where u ∈ [0,∞), α ∈ [0, 2π), β ∈ [0, π], γ ∈ [0, 4π). In these coordinates the differential elements of
length and volume, and the Laplace operator have the form
dl2 = du2 +
u2
4
(
dα2 + dβ2 + dγ2 + 2 cosβ dα dγ
)
,
dV =
u3
8
sinβ du dα dβ dγ,
∂2
∂u2i
=
1
u3
∂
∂u
(
u3
∂
∂u
)
−
4
u2
Jˆ2,
where
Jˆ2 = −
[
1
sinβ
∂
∂β
(
sinβ
∂
∂β
)
+
1
sin2 β
(
∂2
∂α2
− 2 cosβ
∂2
∂α∂γ
+
∂2
∂γ2
)]
is the square of the angular momentum operator.
The Schro¨dinger equation (1) in the Eulerian coordinates (4) may be solved by seeking a wave function
ψ of the form
ψ (u, α, β, γ) = R (u) Z (α, β, γ) . (5)
This amouns to finding the eigenfunctions of
{
Hˆ, Λˆ, Jˆ3, Jˆ
′
3
}
of commuting operators, where the constant
of motion Λˆ reads
Λˆ = Jˆ2 +
µ
h¯2
(
c1
1 + cosβ
+
c2
1− cosβ
)
(6)
and which in the Cartesian coordinates ui has the form
Λˆ = −
1
4
(
u2
∂2
∂u2i
− uiuj
∂2
∂ui∂uj
− 3ui
∂
∂ui
)
+
µu2
2h¯2
(
c1
u20 + u
2
1
+
c2
u22 + u
2
3
)
. (7)
The operators Jˆ3 and Jˆ
′
3 are defined as follows:
Jˆ3 ψ = −
∂ψ
∂α
= mψ, Jˆ ′3 ψ = −
∂ψ
∂γ
= sψ.
After substitution the expression (5) into the Eq. (1) the variables in the Schro¨dinger equation (1)
are separated and we arrive at the following system of coupled differential equations:
1
sinβ
∂
∂β
(
sinβ
∂Z
∂β
)
+
1
2 (1 + cosβ )
[(
∂
∂α
+
∂
∂γ
)2
−
2µc1
h¯2
]
Z +
(8)
+
1
2 (1− cosβ )
[(
∂
∂α
−
∂
∂γ
)2
−
2µc2
h¯2
]
Z = −λZ,
1
u3
d
du
(
u3
dR
du
)
−
4λ
u2
R+
2µ
h¯2
(
E −
µω2u2
2
)
R = 0, (9)
2
where λ is the separation constant which is the eigenvalue of the operator (6).
The solution of Eq. (8) is easily found to be
Zjms (α, β, γ; δ1, δ2) = Njms (δ1, δ2)
(
cos
β
2
)m1 (
sin
β
2
)m2
P
(m2,m1)
j−m+
(cosβ)eimα eisγ , (10)
where m1,2 = |m± s|+ δ1,2 =
√
(m± s)2 + 2µc1,2/h¯
2, m+ = (|m+ s|+ |m− s|)/2 and P
(a,b)
n (x) denotes
a Jacobi polynomial. The quantum number j characterizes the total angular momentum and for the
(half)integer j the quantum numbers m and s are (half)integer. At a fixed value j the m and s run
through values: m, s = −j,−j + 1, . . . , j − 1, j.
Farthemore, the separation constant λ is quantized as
λ =
(
j +
δ1 + δ2
2
)(
j +
δ1 + δ2
2
+ 1
)
. (11)
The normalization constant Njm(δ1, δ2) in (10) is given (up to a phase factor) by
Njms(δ1, δ2) = (−1)
m−s+|m−s|
2
√
(2j + δ1 + δ2 + 2)(j −m+)!Γ(j +m+ + δ1 + δ2 + 1)
16π2 Γ(j +m− + δ1 + 1)Γ(j −m− + δ2 + 1)
,
where m− = (|m+ s| − |m− s|)/2 and we assume that
1
8
pi∫
0
2pi∫
0
4pi∫
0
sinβ Z∗j′m′s′ (α, β, γ; δ1, δ2)Zjms (α, β, γ; δ1, δ2) dα dβ dγ = δjj′δmm′δss′ .
Let us go now to the radial equation (9). The introduction of (11) into (9) leads to
1
u3
d
du
(
u3
dR
du
)
−
1
u2
(2j + δ1 + δ2) (2j + δ1 + δ2 + 2)R+
2µ
h¯2
(
E −
µω2u2
2
)
R = 0.
The solution of this equation normalized by the condition
∞∫
0
u3RNj (u; δ1, δ2)RN ′j (u; δ1, δ2) du = δNN ′ (12)
has the form
RNj(u; δ1, δ2) = CNj(δ1, δ2) (au)
2j+δ1+δ2 e−
a2u2
2 F
(
−
N
2
+ j; 2j + δ1 + δ2 + 2; a
2u2
)
, (13)
where F (a; c;x) is the confluent hypergeometric function, a =
√
µω/h¯ and
CNj(δ1, δ2) =
4a2
Γ (2j + δ1 + δ2 + 2)
√
Γ
(
N
2 + j + δ1 + δ2 + 2
)
(N2 − j)!
The energy spectrum has the form
EN = h¯ω (N + δ1 + δ2 + 2) (14)
where N is the principle quantum number, N = 0, 1, 2, . . ., and the quantum number j run through the
values: j = m+,m+ + 1, . . . , N/2.
Thus, the Eulerian basis (5) is the eigenfunction of the operator (6) and
ΛˆψNjms =
(
j +
δ1 + δ2
2
)(
j +
δ1 + δ2
2
+ 1
)
ψNjms. (15)
3
In the limiting case δ1 = δ2 = 0 we recover the familiar results for the four-dimensional isotropic
oscillator [14].
Let us consider the four-dimensional double singular oscillator in the double polar coordinates [14].
In the double polar coordinates ρ1, ρ2 ∈ [0,∞), ϕ1, ϕ2 ∈ [0, 2π), defined by the formulae
u0 + iu1 = ρ1 e
iϕ1 , u2 + iu3 = ρ2 e
iϕ2 , (16)
the differential elements of length and volume read
dl2 = dρ21 + dρ
2
2 + ρ
2
1 dϕ
2
1 + ρ
2
2 dϕ
2
2, dV = ρ1 ρ2 dϕ1 dϕ2,
while the Laplace operator looks like
∂2
∂u2i
=
1
ρ1
∂
∂ρ1
(
ρ1
∂
∂ρ1
)
+
1
ρ2
∂
∂ρ2
(
ρ2
∂
∂ρ2
)
+
1
ρ21
∂2
∂ϕ21
+
1
ρ22
∂2
∂ϕ22
.
The substitution
ψ(ρ1, ρ2, ϕ1, ϕ2) =
1
2π
Φ1(ρ1)Φ2(ρ2) e
iM1ϕ1 eiM2ϕ2
where M1,M2 = 0,±1,±2, . . ., separates the variables in the Schro¨dinger equation (1) and we arrive at
the following system of equations:
1
ρ1
d
dρ1
(
ρ1
dΦ1
dρ1
)
−
(|M1|+∆1)
2
ρ21
+
2µ
h¯2
(
E
2
+
h¯2
4µ
Ω−
µωρ21
2
)
Φ1 = 0, (17)
1
ρ2
d
dρ2
(
ρ2
dΦ2
dρ2
)
−
(|M2|+∆2)
2
ρ22
+
2µ
h¯2
(
E
2
−
h¯2
4µ
Ω−
µωρ22
2
)
Φ2 = 0, (18)
where β – is the separation constant and ∆a =
√
M2a + 2µca/h¯
2 − |Ma|.
These equations are analogous with the equations of the circular oscillator in the polar coordinates
[15]. Thus, we get
ψN1N2M1M2(ρ1, ρ2, ϕ1, ϕ2; δ1, δ2) =
1
2π
ΦN1M1(a
2ρ21; ∆1)ΦN2M2(a
2ρ22; ∆2) e
iM1ϕ1 eiM2ϕ2 , (19)
where
ΦNaMa(x) =
√
2Γ(Na + |Ma|+∆a + 1)
(Na)!
ae−
x
2 x(|Ma|+∆a)/2
Γ (|Ma|+∆a + 1)
F (−Na; |Ma|+∆a + 1;x).
Here N1 and N2 are nonnegative integers
N1 = −
|M1|+∆1 + 1
2
+
E
4h¯ω
+
Ω
8a2
, N2 = −
|M2|+∆2 + 1
2
+
E
4h¯ω
−
Ω
8a2
.
From the last relations, taking into account (14), we get that the double polar quantum numbers N1 and
N2 are connected with the principal quantum number N as follows:
N = 2N1 + 2N2 + |M1|+ |M2| .
Excluding the energy E from Eqs. (17) and (18), we obtain the additional integral of motion
Ωˆ =
[
1
ρ2
∂
∂ρ2
(
ρ2
∂
∂ρ2
)
−
1
ρ1
∂
∂ρ1
(
ρ1
∂
∂ρ1
)
+
1
ρ22
∂2
∂ϕ22
−
1
ρ21
∂2
∂ϕ21
]
+
(20)
+
µ2ω2
h¯2
(
ρ21 − ρ
2
2
)
+
2µ
h¯2
(
c1
ρ21
−
c2
ρ22
)
4
with the eigenvalues
Ω =
2µω
h¯
(2N1 − 2N2 − |M1|+ |M2| −∆1 + δ2)
and eigenfunctions ψN1N2M1M2(ρ1, ρ2, ϕ1, ϕ2; ∆1,∆2), i.e.
ΩˆψN1N2M1M2(ρ1, ρ2, ϕ1, ϕ2; ∆1,∆2) = ΩψN1N2M1M2(ρ1, ρ2, ϕ1, ϕ2; ∆1,∆2). (21)
In the Cartesian coordinates, the operator Ωˆ can be rewritten as
Ωˆ =
(
∂2
∂u22
+
∂2
∂u23
−
∂2
∂u20
−
∂2
∂u21
)
+
(22)
+
µ2ω2
h¯2
(
u20 + u
2
1 − u
2
2 − u
2
3
)
+
2µ
h¯2
(
c1
u20 + u
2
1
−
c2
u22 + u
2
3
)
.
3 Connection Between Eulerian and Double Polar Bases
At fixed energy values we write down the double polar bound states (19) as a coherent quantum mixture
of Eulerian bound states
ψN1N2M1M2 =
∑
j,m,s
W jmsN1N2M1M2 (δ1, δ2) ψNjms. (23)
Our goal is the derivation of an explicit form of the coefficient W jmsN1N2M1M2 . First, we should like to note
that from the comparison of (4) with (16) we have
ρ1 = u cos
β
2
, ρ2 = u sin
β
2
, ϕ1 =
α+ γ
2
, ϕ2 =
α− γ
2
. (24)
In relation (23), according to (24), we pass from the double polar coordinates to the Eulerian ones. Then,
substituting β = 0, taking account of
P (a,b)n (1) =
(a+ 1)n
n!
,
and using the orthogonality condition for radial wave functions in hypermomentum [14]
∞∫
0
RNj′ (u; δ1, δ2)RNj (u; δ1, δ2) udu =
2a2 δjj′
(2j + δ1 + δ2 + 2)
,
we obtain the following integral representation for the coefficients W jmsN1N2M1M2 :
W jmsN1N2M1M2 (δ1, δ2) =
√
(2j + δ1 + δ2 + 1) (j −m+)!
Γ(m2 + 1)Γ(2j + δ1 + δ2 + 2)
EjmsN1N2 K
NN1
jms δM1,m+s δM2,m−s. (25)
Here
EjmsN1N2 =
√
Γ
(
N
2
+ j + δ1 + δ2 + 2
)
×
(26)
×
[
Γ (j −m− + δ1 + 1)Γ(N1 +m1 + 1)Γ(N2 +m2 + 1)
(N1)!(N2)!(
N
2 − j)!Γ (j +m− + δ2 + 1)Γ (j +m+ + δ1 + δ2 + 1)
] 1
2
,
5
and
KNn1jms =
∞∫
0
e−xxj+m1+m2+δ1+δ2F (−N1;m1 + 1;x)F
(
−
N
2
+ j; 2j + δ1 + δ2 + 2;x
)
dx, (27)
where x = a2u2. Further, in (27) writing down the confluent hypergeometric function F (−N1;m1 + 1;x)
as a polynomial, integrating by the formula [16]
∞∫
0
e−λxxνF (α; γ; kx) dx =
Γ (ν + 1)
λν+1
2F 1
(
α; ν + 1; γ
k
λ
)
dx,
and taking account of the relation
2F 1 (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)
we derive
KNN1jms =
(N2 −m+)!Γ(2j + δ1 + δ2 + 2)Γ (j +m+ + δ1 + δ2 + 1)
(j −m+)!Γ
(
N
2 + j + δ1 + δ2 + 1
) ×
×3F 2
{
−N1,−j +m+, j +m+ + δ1 + δ2 + 1
m1 + 1,−
N
2 +m+ + 1
∣∣∣∣1
}
. (28)
The introduction of (26) and (28) into (25) gives
W jmsN1N2M1M2 (δ1, δ2) =
√
(2j + δ1 + δ2 + 1)Γ(N1 +m1 + 1)Γ(N2 +m2 + 1)
(N1)!(N2)!
(
N
2 − j
)
!(j −m+)!Γ (j +m− + δ2 + 1)
×
×
(
N
2 −m+
)
!
Γ(m1 + 1)
√
Γ (j −m− + δ1 + 1)Γ (j +m+ + δ1 + δ2 + 1)
Γ
(
N
2 + j + δ1 + δ2 + 1
) ×
×3F 2
{
−n1,−j +m+, j +m+ + δ1 + δ2 + 1
m1 + 1,−
N
2 +m+ + 1
∣∣∣∣1
}
δM1,m+s δM2,m−s. (29)
It is known that the Clebsch-Gordan coefficients for the group SU(2) can be written as [9]
Ccγaα;bβ =
[
(2c+ 1)(b− a+ c)!(a+ α)!(b + β)!(c+ γ)!
(b− β)!(c − γ)!(a+ b− c)!(a− b + c)!(a+ b + c+ 1)!
]1/2
×
×δγ,α+β
(−1)a−α√
(a− α)!
(a+ b− γ)!
(b − a+ γ)!
3F 2
{
−a+ α, c+ γ + 1,−c+ γ
γ − a− b, b− a+ γ + 1
∣∣∣∣1
}
. (30)
Finally, comparing (29) and (30), we arrive at the following representation:
W jmsN1N2M1M2 (δ1, δ2) = (−1)
N1+
m−s+|m−s|
2 δM1,m+s δM2,m−s ×
(31)
×C
j+
δ1+δ2
2
,
m1+m2
2
N+2m−+2δ2−2
4
,
m2+N2−N1
2
;
N−2m−+2δ1−2
4
,
m1+N1−N2
2
.
Equation (31) proves that the coefficients for the expansion of the parabolic basis in terms of the spherical
basis are nothing but the analytical continuation, for real values of their arguments, of the SU(2) Clebsch-
Gordan coefficients.
6
The inverse representation has the form
ψNjms =
∑
N1,M1M2
W˜N1Njms (δ1, δ2) ψN1N2M1M2 . (32)
The expansion coefficients in (32) are given by the expression
W˜N1Njms (δ1, δ2) = (−1)
N1+
m−s+|m−s|
2 δM1,m+s δM2,m−s ×
(33)
×C
j+
δ1+δ2
2
,
m1+m2
2
N+2m−+2δ2−2
4
,
N+2m−+2δ2−2
4
−n1;
N−2m−+2δ1−2
4
, n1+|m−s|−
N−2m−−2δ1−2
4
. (34)
4 Prolate Spheroidal Basis
Let us determine the four-dimensional spheroidal coordinates
u0 + iu1 =
d
2
√
(ξ + 1)(1 + η) ei
α+γ
2 , u2 + iu=
d
2
√
(ξ − 1)(1− η) ei
α−γ
2 , (35)
where ξ ∈ [1,∞), η ∈ [−1, 1], and d is the interfocus distance.
In the spheroidal system of coordinates the four-dimensional double singular oscillator potential has
the form
V =
µd2ω2
2
(ξ + η) +
4
d2
[
c1
(ξ + 1)(1 + η)
+
c2
(ξ − 1)(1− η)
]
.
In the coordinates (35) Laplace operator have the form
∂2
∂u2i
=
8
d2(ξ − η)
{
∂
∂ξ
[(
ξ2 − 1
) ∂
∂ξ
]
+
∂
∂η
[(
1− η2
) ∂
∂η
]
−
−
1
2
(
1
ξ + 1
−
1
1 + η
)(
∂
∂α
+
∂
∂γ
)2
+
1
2
(
1
ξ − 1
+
1
1− η
)(
∂
∂α
∂
∂γ
)2}
.
After the substitution
ψ(ξ, η, α, γ) = ψ1(ξ)ψ2(η) e
imα eisγ
the variables in the Schro¨dinger equation (1) are separated[
d
dξ
(
ξ2 − 1
) d
dξ
+
m21
2(ξ + 1)
−
m22
2(ξ − 1)
−
a4d4
16
(
ξ2 − 1
)
+
µEd2
4h¯2
ξ
]
ψ1 = Qψ1, (36)
[
d
dη
(
1− η2
) d
dη
−
m21
2(1 + η)
−
m22
2(1− η)
−
a4d4
16
(
1− η2
)
−
µEd2
4h¯2
η
]
ψ2 = −Qψ2, (37)
whereQ is a separation constant in spheroidal coordinates. By eliminating the the energy E from Eqs.(36)
and (37), we produce the operator
Qˆ = −
1
ξ − η
{
η
∂
∂ξ
[(
ξ2 − 1
) ∂
∂ξ
]
+ ξ
∂
∂η
[(
1− η2
) ∂
∂η
]}
−
−
ξ + η + 1
2 (ξ + 1) (1 + η)
(
∂
∂α
+
∂
∂γ
)2
−
ξ + η − 1
2 (ξ − 1) (1− η)
(
∂
∂α
−
∂
∂γ
)2
+ (38)
+
a4d4
16
(ξη + 1) +
c1(ξ − η)
2(ξ + 1)(1 + η)
+
c2(ξ − η)
2(ξ − 1)(1− η)
,
7
the eigenvalues of which are Q and the eigenfunctions of which are ψ(ξ, η, α, γ). The significance of the
self-adjoint operator Qˆ can be found by switching to Cartesian coordinates. Passing to the Cartesian
coordinates in (38) and taking (7) and (22) into account, we obtain
Qˆ = Λˆ +
a2d2
4
Ωˆ. (39)
Therefore,
QˆψNqms(ξ, η, α, γ; d, δ1, δ2) = QqψNqms(ξ, η, α, γ; d, δ1, δ2), (40)
where index q labels the eigenvalues of the operator Qˆ.
Now construct the spheroidal basis of the four-dimensional double singular oscillator using the follow-
ing expressions:
ψNqms =
N/2∑
j=m+
U jNqms (R; δ1, δ2) ψNjms. (41)
ψNqms =
(N−|M1|−|M2|)/2∑
N1=0
V N1Nqms (R; δ1, δ2) ψN1N2M1M2 . (42)
Substituting (41) and (42) into (40), and then using (39) we arrive at the following algebraic equations:[
Qq −
(
j +
δ1 + δ2
2
)(
j +
δ1 + δ2
2
+ 1
)]
U jNqms =
a2d2
4
R
∑
j′
U j
′
nqms(Ωˆ)jj′ ,
(43)[
Qq −
a2d2
4
(
N1 −N2 +
m1 −m2
2
)]
V N1Nqms =
∑
N ′
1
V
N ′1
Nqms(Λˆ)N1N ′1 ,
where
(Ωˆ)jj′ =
∫
ψ∗Njms ΩˆψNjmsdV, =
∫
ψ∗N1N2M1M2 ΛˆψN ′1N ′2M1M2 dV.
Now using expansions (31), (33) and formulae [17]
Ccγaα;bβ = −
[
4c2(2c+ 1)(2c− 1)
(c+ γ)(c− γ)(b− a+ c)(a− b+ c)(a+ b− c+ 1)(a+ b+ c+ 1)
]1/2
×
×
{[
(c− γ − 1)(c+ γ − 1)(b− a+ c− 1)(a− b+ c− 1)(a+ b− c+ 2)(a+ b+ c)
4(c− 1)2(2c− 3)(2c− 1)
]1/2
×
×Cc−2,γaα;bβ −
(α− β)c(c− 1)− γa(a+ 1) + γb(b+ 1)
2c(c− 1)
Cc−1,γaα;bβ
}
,
[ c(c+ 1)− a(a+ 1)− b(b+ 1)− 2αβ] Cc,γa,α;b,β =
=
√
(a+ α)(a− α+ 1)(b− β)(b + β + 1)Cc,γa,α−1;b,β+1 +
+
√
(a− α)(a + α+ 1)(b+ β)(b − β + 1)Cc,γa,α+1;b,β−1,
8
and with the orthonormalization conditions
∑
α+β=γ
Ccγaα;bβC
c′γ′
aα;bβ = δc′cδγ′γ ,
a+b∑
c=|γ|
Ccγaα;bβC
cγ
aα′;bβ′ = δαα′δββ′
for the Clebsch-Gordan coefficients of the group SU(2), for the matrix elements (Ωˆ)jj′ and (Λˆ)N1N ′1 we
get the expressions
(Ωˆ)jj′ =
(m1 +m2)(m1 −m2)
(2j + δ1 + δ2)(2j + δ1 + δ2 + 2)
δj′,j −
2
(
Aj+1nm δj′,j+1 +A
j
nmδj′,j−1
)
2j + δ1 + δ2
, (44)
(Λˆ)N1N ′1 =
[
(N1 + 1)(N2 +m−) + (
N
2
−N1 + δ2)(N1 + |m− s|+ δ2) +
+m−(m+ + δ2)
1
4
(δ1 − δ2)(δ1 − δ2 − 2)+
]
δN ′
1
N1 −
(45)
−
√
n2(N1 + 1)(N1 +m1 + 1)(N2 +m2)δN ′
1
,N1+1 −
−
√
N1(N2 + 1)(N1 +m1 + 1)(N2 +m2 + 1)δN ′
1
,N1−1
where
AjNms =
√
(j −m− + δ1)(j +m− + δ2)×
×
[
(j −m+)(j +m+ + δ1 + δ2)(N − 2j)(N + 2j + 2δ1 + 2δ2)
4
(
j + δ1+δ22
)2
(2j + δ1 + δ2 − 1)(2j + δ1 + δ2 + 1)
]1/2
.
Substituting expressions (44) and (45) into the algebraic equations (43), we derive the three-term recursion
relations
Aj+1NmsU
j+1
Nqms +A
j
nmsU
j−1
Nnqms =
{
4
a2d2
[
Q−
(
j +
δ1 + δ2
2
)(
j +
δ1 + δ2
2
+ 1
)]
−
−
(m1 +m2)(m1 −m2)
(2j + δ1 + δ2)(2j + δ1 + δ2 + 2)
}
U jNqms
[
(N1 + 1)(N2 +m−) + (N −N1 + δ2)(N1 +m2) +
1
4
(δ1 − δ2)(δ1 − δ2 − 2) +
+m−(m+ + δ2) +
a2d2
2
(
N1 −N2 +
m1 −m2
2
)
−Qq
]
V N1Nqms =
=
√
N2(N1 + 1)(N1 +m1 + 1)(N2 +m2)V
N1+1
Nqms +
+
√
N1(N2 + 1)(N1 +m1 + 1)(N2 +m2 + 1)V
N1−1
Nqms
for the interbasis expansions coefficients U jNqms and V
N1
Nqms.
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